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We have constructed a physico-mathematical model of photodynamic therapy of skin tumors taking into ac-
count the photochemical reactions and the features of the radiation propagation, the heat and mass transfer,
and the mass transfer of oxygen in the irradiation zone. The numerical solution has shown that depending
on the light intensity and the degree of injury of exchange vessels the concentration of oxygen in a tumor
can decrease to below the hypoxic limit, which limits the photodynamic effect. We have analyzed different
methods of conducting this therapy, thus increasing its success — changing the radiation intensity and hy-
peroxygenation.

Introduction. Photodynamic therapy (PDT) is a promising method for treating malignant tumors combining
the action of a special dye — photosensitizer (PS), oxygen, and radiation on biological tissues. Treatment consists of
several sequential stages: injection of the PS (intravenous or local), leaving it for up to 24 h, and irradiation for 15–20
min. In general, any coherent or incoherent light source with a proper spectrum can be used for therapy. The most
widely used devices are continuous nonionizing lasers with a power density of up to 250 W/cm2. The wavelength is,
as a rule, within the limits of the "therapeutic window" of 600–1200 nm. In this case, the light penetrates deeper into
the tissue compared to the remaining part of the visible spectrum.

PDT is based on the photodynamic action (PA) affecting living structures, which was discovered at the end
of the 19th to the beginning of the 20th centuries. In the experiment, death of infusoria cells stained with certain fluo-
rescent substances exposed to radiation of sufficient intensity was shown [1]. Later the role of oxygen was established,
and by PA one began to imply sensitized photooxidation of biological structures. In so doing, macromolecules and cell
organelles, which do not absorb light directly, decompose. The mediators in the photoreaction — PS molecules —
under the action of photons go to energetically excited states and initiate chains of biochemical reactions injuring cell
elements. The dye makes the biochemical reaction sensitive to light of a certain wavelength.

PDT is characterized by high efficiency and selective action on cancer cells; locality, it is relatively cheap and
easy to use. Its limitation is an increased sensitivity of patients to light for some time after intravenous injection of
the PS. Injury of healthy portions of the skin and the retina of the eyes when intensive solar light falls on them is
possible. Therefore, patients are recommended to wear sunglasses and stay indoors. The duration of such a period de-
pends on the type of the dye and lasts from several days to several months.

At the molecular level destruction of cancer cells by PDT occurs through the formation of singlet oxygen (re-
action of the second kind) — a very active oxidizer [1–3]:

ΦC + hν → ΦC
∗
 + O2 → ΦC + singlet  oxygen +

+ substrate (organelles) → oxidation of cell structures , (1)

where hν is the photon energy; PS∗ is the energetically excited PS molecule.
At the first stage, the PS molecule absorbs a light quantum and goes to an energetically excited state. Then

it transfers the energy to the oxygen, changing it to the singlet form. The lifetime of singlet oxygen in biological liq-
uids does not exceed 3 µsec, and the distance at which oxidizer molecules have time to diffuse is up to 0.1 µm.
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Therefore, the sites of primary injury of cells and tissue are determined by the PS localization. The PDT selectivity is
provided by the ability of tumors to accumulate the dye in larger quantities compared to healthy skin. A certain influ-
ence on the therapeutic effect is produced by disorders in the microcalculation system, apoptosis, inflammatory proc-
esses, and immune reactions caused by the PA [4].

As a PS, compounds of the porphyrin series: hematoporphyrin, its and derivatives, and Photofrin 2 were first
used [5]. Then chlorophyll-based sensitizers — chlorins and purpurins — gained wide recognition [4]. As a PS, mo-
lecular oxygen can act (activation occurs at wavelengths near 760 and 1270 nm). At present, active work is being car-
ried out to modify the old dyes and develop new ones — both natural and synthetic. The PS dose for intravenous
injection is 1–10 mg/kg of body mass [6–8]. The method of PS injection is an important parameter of the therapy in-
fluencing the dye distribution in the body. In [9], it was shown that injection of the sensitizer directly into the tumor
can lead to a considerable increase in the ratio between the dye concentrations in the tumor and adjoining healthy bio-
logical tissues. The basic requirements for the PS are: a high selectivity to malignant cells; nontoxicity and fast re-
moval from the body; maximum adsorption in the therapeutic window; and effective generation of singlet oxygen.

Photodynamic therapy was initially used to treat skin tumors, which was due to the frequency of cases, as
well as to the possibility to observe the course of therapy and its results. With the aid of waveguides and endoscopes
PDT can be used to treat neoplasms localized on inner surfaces (mucous membranes, esophagus, lungs, etc.).

PDT is a complex multifactor process. It includes radiation transfer in the biological tissue, photochemical
transformations of active components, heat exchange, and mass transfer of oxygen. The basic controlled parameters of
therapy are: the kind and dose of the PS, the time interval between the introduction of the dye and the beginning of
illumination, the wavelength and power of the radiation source, and the radiation dose. At present they are chosen
mainly heuristically. Deeper understanding of the cytotoxic mechanisms of therapy, as well as substantiated choice of
its conditions on the basis of the quantitative estimation of the photodynamic effect, call for the development of a
physico-mathematical model of PDT taking into account the accompanying heat and mass transfer processes and the
rheological properties of the blood flow.

Formulation of the Problem. The skin was modeled by plane-parallel layers, and the tumor — by a region
with a central and a peripheral zone (Fig. 1). The problem was solved in a cylindrical coordinate system with the ori-
gin on the skin surface at the center of the light spot. The photochemical, thermophysical, and optical properties of the
biological tissues were assumed to be constant within the limits of each layer and temperature-independent. The blood
flow intensity was calculated by the temperature-time analogy (TTA) model [10]. The absence of considerable hemor-
heological shifts in the course of PDT [11] permitted using the TTA model parameters obtained for healthy tissues.

The description of the destruction kinetics of oncocells according to scheme (1) is based on information on
the population of the ground and excited levels of PS and O2 molecules. Figure 2 shows the Yablonskii diagrams for
PS  and O2 molecules [12]. Open arrows point to radiative transitions (with absorption or emission of photons) and
solid ones — to nonradiative transitions.

Fig. 1. Scheme of the PA zone.
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The estimates show [1, 12] that the lifetime of the PS in the excited singlet form is 4–5 orders of magnitude
shorter than in the triplet one. Therefore, N1 is neglected in theoretical models. Assuming the dye concentration to be
constant in the course of therapy, we describe the PS and O2 balances by the system of equations

dN0
 ⁄ dt = − N0ΦB01I + N2 (k20 + QM0) , (2)

N2 = N00 − N0 , (3)

dM0
 ⁄ dt = − M0QN2 + M1 (1 ⁄ τ∆ − κ12) + sO2

 , (4)

dM1
 ⁄ dt = M0QN2 − M1

 ⁄ τ∆ . (5)

The initial conditions are

N0 (t = 0) = N00 ,   N2 (t = 0) = 0 ,   M0 (t = 0) = M00 ,   M1 (t = 0) = 0 . (6)

The photodynamic effect is estimated by the parameter Ω — the number of malignant cells in a unit volume
destroyed as a result of the PDT:

dΩ (t) ⁄ dt = εM1 (t) κ12 . (7)

Note that Ω includes only cells killed by the PA and does not take into account the possible death of cells
caused by prolonged hypoxia or destruction of microvessels. The values of the photochemical parameters of Eqs. (2)–
(7) are as follows [12–16]: Φ = 0.7, B01 = 2.1⋅10−3 m2⋅J−1, Q = 1.4⋅106 m3⋅mole−1⋅sec−1, τ∆ = 3⋅10−6 sec, κ12 =
10−6 sec−1, N00 = 7⋅10−4 mole⋅m−3, M00 = 0.03 mole⋅m−3, ε = 105 mole−1.

The index ε depends on the PS and the type of biological tissue. Its estimate was obtained in [14] by the
original method of circulating a perfusate with a given content of oxygen through a colony of cells with a dye addi-
tive and simultaneous irradiation. The decrease in the oxygen concentration at the output is determined by the joint ac-
tion of the metabolic and photochemical reactions; the decrease in the metabolic activity upon irradiation permits
estimating the number of cells killed by the PA. The value of N00 has been obtained for Photofrin (molecular mass
3000) on the assumption of a uniform distribution of the PS throughout the body of an average man (0.072 m3). It is
comparable to the values of 8.7⋅10−4 mole/m3 (in vivo experiments on rats [15]) and 8⋅10−4 mole/m3 (in vivo experi-
ments on carcinoma patients [17]). Variations in the PS distributions within one and the same tumor, as well as be-
tween different patients, are frequently observed [9, 16]. Real neoplasms can be highly heterogeneous, which should be
taken into account when conducting PDT in a hospital. Quantitative estimation of the PS concentration in vivo before

Fig. 2. Energy levels and possible transitions of PS (a) an oxygen (b) molecules.
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PDT (e.g., by the fluorescence [18]) will make the prognosis more reliable and increase the effect. The value of M00
has been obtained on the assumption of a uniform distribution of O2 in the biotissue before a session and corresponds
to the partial pressure of O2 — 20 Torr. In tumors, hypoxic zones (especially in the region of the necrotized nucleus)
are frequently observed, and the O2 distribution can be highly nonuniform. In the numerical experiment, we varied the
N00 and M00 values. In prognosing the course of the PDT in particular patients, more exact values of N00, M00, and
ε are needed.

For a theoretical description of PDT, the greatest problem is presented by the oxygen source sO2
, which is de-

termined by the intensification of the blood flow upon heating (and, consequently, by the increase in oxygenation) and
the decrease in the metabolic utilization of oxygen O2 because of the death of cells and the vascular stasis. Account
of sO2

 requires a simultaneous solution of system (2)–(5) and the equations of heat transfer and mass transfer of O2
in the course of the PA:

ρc 
∂T

∂t
 = λ∇2

T − ρblcblW (T − Tart) + ρQ0⋅1.07

T−T0

b
 + µaI , (8)

W = W0 

1 + exp (β1∆T) ξ exp (− ξ)


 ,   ξ = 

1

t0
∗
 ∫ 
0

t

exp (β2∆T) dτ , (9)

sO2
 = f (W) , (10)

where Q0 is the thermal flow in the biotissue due to the metabolism at temperature T0, W⋅kg−1; W0 is the blood flow
intensity at temperature T0; ∆T is the difference between the current temperature and T0; b = 0.5oC.

The radiation intensity I was calculated by the modified Bouguer law with allowance for the scattering anisotropy

I (z) = I0 (1 − rsp) exp 

− [µa + (1 − g) µs] z




 , (11)

where I0 is the light intensity on the skin surface, W/m2.
The account of the oxygen source (10) presents the greatest analytical problem. In the numerical experiment,

we considered two limiting cases — sO2
 = 0 and

sO2
 = 

∂ sM0tt

∂t
 . (12)

The method for calculating the mean concentration of O2 in the tissue sM0tt was described in [19]. In the first case,
there is no additional inflow of O2 (the oxygen is completely utilized by the metabolism in the cells or a considerable
part of microvessels has been destroyed). In the second case, the effect of the PA is insignificant. In practice partial
photodestruction of the vascular network is not infrequently observed, and its account requires extensive experimental-
theoretical studies and is beyond the scope of the present paper.

At the initial instant of time we assume that the PS and O2 molecules are in the ground state and are uni-
formly distributed, the ratio between the PS concentrations in the tumor and the adjoining healthy skin is known, the
blood flow intensity is constant, and the temperature is given by the stationary heat conduction equation (8) with con-
stant perfusion W.

We presume that by the beginning of PDT the PS molecules have been localized on the cell organelles. The
characteristic time of elution of the dye from the tumor and normal tissues (the removal half-time is 16–57 h [20])
considerably exceeds the duration of the PDT session, and, therefore, we neglect the PS transport in the source of ir-
radiation. To determine the concentrations of N0, N2, M0, and M1, we solve the Cauchy problem.

The boundary condition on the skin surface was given by means of the effective heat conductivity coefficient
which took into account both the thermal radiation and the free convection of air. Under normal conditions at an am-
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bient temperature Tenv = 20–23oC αef = 10 W⋅K−1⋅m−2. On the axis with r = 0 the flow is zero because of the tem-
perature field symmetry. The thermal action in PDT is local; therefore, at the right and lower boundaries (Fig. 1) the
flows were also taken as zero (the thermal perturbation caused by the laser energy absorption was within the outer
boundaries):

λ 
∂T

∂z



z=0

 = αef 
Tz=0

 − Tenv
 ,   

∂T

∂z



z=L

 = 0 ,   
∂T

∂r



r=0

 = 0 ,   
∂T

∂r


r=Rz

 = 0 . (13)

Calculations on a new temporal layer were started from the system of photochemical equations (2)–(5)
which was solved numerically by the Runge–Kutta method with automatic choice of the time step (Merson method).
The criterion of changing the time step was as follows: at any point of the region the new concentration of singlet
oxygen M1 > 0. If this condition was met, then the step was doubled. Otherwise it was divided by 2 and the system
was solved again. Then the temperature field was determined by (8) and the perfusion was calculated by formula
(9). In so doing, we used an additional two-dimensional array to store the intermediate values of the parameter ξ,
which permitted avoiding recalculation of the integral in (9). In the case of (12), the additional inflow of oxygen
from the blood was calculated by the known values of W on the current and previous temporal layers.

Results and Discussion. Figure 3 presents the results of the calculations by model (2)–(5), (8)–(10) for vari-
ous values of I0 and sO2

. At I0 = 50 mW/cm2 the maximum heating of the tissue did not exceed 3oC and did not lead
to any considerable intensification of the blood flow. Therefore, the conditions of tumor oxygenation at sO2

 = 0 and
by (12) were similar and, as a result, destruction of cancer cells in both cases occurred in much the same manner (Fig.
3, curve 1). In the case where I0 = 150 mW/cm2 and sO2

 = 0, the average concentration of oxygen in the tumor
sM0ttum decreased to below the hypoxic limit 6.5 min after the beginning of irradiation, and by the end of the session
it approached zero. If condition (12) was fulfilled, then the intensification of the blood flow caused an additional flow
of oxygen which compensated for the O2 utilized in the photochemical reactions, and the concentration of sM0ttum
stabilized by the end of a PDT session at a level higher than the hypoxic one. These differences directly influenced
the cytotoxic effect of the therapy (Fig. 3b). For I0 = 150 mW/cm2 and sO2

 = 0, the rate of growth of Ω decreased
following the decrease in sM0ttum to below the hypotoxic limit, and at sM0ttum→ 0 the cytotoxic effect reached a
steady state. In case 2, this did not happen, and the number of dead cells by the end of a PDT session was 1.8 times
higher than in case 3. Consequently, if destruction of cells under the PA occurs through singlet oxygen according to
scheme (1), then it is more efficient to choose a PS with a weaker vascular action.

In the literature, the possibility of increasing the PA effect by decreasing the radiation intensity but preserving
the aggregate irradiation dose is being analyzed. It should be noted that the rate of utilization of oxygen in the pho-
tochemical reactions will decrease and will be compensated by its inflow from the blood. This hypothesis has been
verified by us on the PDT model. In case 3 (Fig. 3), molecular O2 in the tumor burns up practically completely 10

Fig. 3. Change in the average concentration of O2 in the tumor (a) and in the
cytotoxic effect (b) in the course of PDT: 1) I0 = 50; 2) 150 mW/cm2 and
sO2

 calculated by (12); 3) 150 mW/cm2 and sO2
 = 0; 4) hypoxic limit.

sM0ttum, mole⋅m3; Ω, m−3; t, sec.
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min after the beginning of irradiation. This leads to stabilization of the number of damaged cells, so that further illu-
mination is ineffective. The decrease in the source intensity to I0 = 50 mW/cm2 caused a decrease in the rate of de-
struction of cells at the beginning of the procedure. However, as Ω stabilized, at I0 = 150 mW/cm2 the difference
between curves 1 and 3 decreased, and 14 min after the beginning of irradiation the number of destroyed cells in both
cases became equal. Continuation of irradiation heightened the cytotoxic effect of the PDT in case 1 compared to case
3. Thus, at a strong destruction of exchange vessels in the course of the PA a decrease in I0 does potentiate the effect
of therapy.

If the photodynamic action on microvessels in weak and (12) is fulfilled, then complete burnup of O2 in the
tumor does not occur and the cytotoxic effect for I0 = 150 mW/cm2 grows throughout the irradiation time. As a result,
a decrease in I0 will only lead to a decrease in the rate of destruction of oncocells, which will require a longer irra-
diation time to reach an analogous effect. Therefore, at a weak destruction of exchange vessels in the course of PDT
a decrease in the laser intensity does not lead to an increase in the therapeutic efficiency.

A promising method for increasing the PDT efficiency is hyperoxygenation of tissues. It is realized by inhal-
ing oxygen-enriched gaseous mixtures at atmospheric or higher pressure. In this case, it is possible to considerably re-
duce the share of zones with a lower concentration of oxygen in the tumor, as well as to compensate, partially or
completely, for the O2 utilized in the photochemical reactions. The results of the numerical experiment with inhalation
of 98% oxygen at a pressure of 1 atm are shown in Fig. 4. The PDT effect by the end of a session for M00 = 156
mmole/m3 is about five times higher than in the case of M00 = 31.2 mmole/m3. Upon inhalation of 98% oxygen after
15-min irradiation the average concentration of oxygen in the tumor turns out to be much higher than the hypoxic
limit, which permits increasing the duration of actions. Another way of increasing the cytotoxic effect of PDT is hy-
perbaric breathing, as well as inhalation of an oxygen-enriched gaseous mixture throughout the procedure and only be-
fore its beginning.

A further improvement of the PDT model requires determination of the photochemical constants for a wide
range of dyes and biotissues, account of the photoburnup of the PS and the partial destruction of the vascular network
in the course of therapy, and detailed account of the mass transfer of oxygen.

Conclusions. We have constructed a physico-mathematical model of PDT of skin tumors taking into account
the photochemical reactions, the features of the radiation propagation, the heat transfer, the rheological factor of the
blood flow, and the mass transfer of oxygen in the region of the photodynamic action. In the numerical experiment, it
has been shown that in the course of therapy a decrease in the oxygen concentration to below the hypoxic limit with
a strong destruction of exchange vessels is possible. This limits the cytotoxic effect of PDT. It has been shown that a
decrease in the therapeutic laser intensity in the case of a strong injury of microvessels in the course of the PA in-
creases the result of therapy (a decrease in I0 from 150 to 50 mW/cm2 has led to an 80% increase in the number of
dead cells upon 15-min irradiation). If the destruction of the vascular system is insignificant, then a decrease in the
laser intensity is ineffective. Hyperoxygenation considerably intensifies the cytodestruction in the course of PDT: for
I0 = 150 mW/cm2 the number of cancer cells killed in the course of therapy upon inhalation of 98% oxygen at at-
mospheric pressure is five times larger than in the case of usual air, and the oxygen concentration in the tumor does

Fig. 4. Influence of hyperoxygenation on the PDT effect. 
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not fall below the hypoxic limit, which permits prolonging the irradiation. Hyperbaric breathing, as well as inhalation
of oxygen-enriched gaseous mixtures throughout the session, permits additional amplification of the effect.

NOTATION

A10, fluorescence rate of the PS, sec−1; B01 = 2.1⋅10−3, activation parameter of the PS, m2⋅J−1; c, specific heat
capacity, J⋅kg⋅K−1; g, mean cosine of the radiation scattering phase function in the biotissue; h = 6.626⋅10−34, Planck
constant, J⋅sec; I, radiation intensity, W⋅m−2; k10, k12, k20 = 4⋅104, rates of nonradiative spontaneous transitions of the
PS, sec–1; L, skin thickness, m; M0, oxygen concentration in the ground state, mole⋅m−3; M00, initial concentration of
oxygen, mole⋅m−3; M1, concentration of singlet oxygen, mole⋅m−3; N0, PS concentration in the ground state,
mole⋅m−3; N1, PS concentration in the excited singlet state, mole⋅m−3; N00, initial concentration of the PS, mole⋅m−3;
N2, PS concentration in the excited triplet state, mole⋅m−3; Q = 1.4⋅106, characteristic of photosensitizer quenching,
m3⋅mole−1⋅sec−1; R, radius, m; r, variable, m; rsp, coefficient of specular reflection of light on the skin surface; sO2

,
source/sink of oxygen in biotissue, mole⋅m−3⋅sec−1; T, temperature, oC; t, time, sec; t0

∗ = 4.7⋅105, parameter of the TTA
model, sec−1; W, perfusion, sec−1; z, variable, m; αef, effective heat conductivity coefficient, W⋅m−2⋅K−1; β1, β2, pa-
rameters of the TTA model, oC−1; γ10, phosphorescence rate of oxygen, sec−1; ε, sensitivity of biotissue to the action
of singlet oxygen (number of cancer cells killed in a unit volume per 1 mole of oxidizer), mole−1; κ10, κ12 = 10−6,
rates of nonradiative transitions of oxygen, sec−1; λ, heat conductivity coefficient, W⋅m−1⋅K−1; µa, radiation absorption
coefficient, m−1; µs, radiation scattering coefficient, m−1; ν, therapeutic laser radiation frequency, Hz; ξ, parameter of
the TTA model; ρ, density, kg⋅m−3; τ∆ = (γ10 + κ10 + κ12)−1, lifetime of singlet oxygen, sec; Φ = A10

 ⁄ (A10 + k10 +
k12), quantum outlet of PS in excited triplet state; Ω, photodynamic destruction rate, m−3. Subscripts: O2, oxygen; a,
absorption; s, scattering; sp, specular; art, arterial; bl, blood; z, irradiation zone; tum, tumor; s, light spot; env, envi-
ronment; t, tissue; ef, effective.
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